Multivariate problems requiring integration of exp (X UA,) one variable at a time, lead us to consider the Laplace transform £f(s, A, B) of exp(£A + B\ 0 ^ t < oo, where B is a fixed bounded operator.
The main result is: THEOREM 
Jίf(s, A, B) has the contour integral representation (i.i) (s -A)" 1 + Γ(w -A)~ιB{u -A)~ι exp [B(u -A)~ι(u -s)]du

Js valid for Re s sufficiently large. Therefore, £f(s, A, B) can be analytically continued along any arc not intersecting σ(A).
Examples are given in §5 which show that the analytic continuation is not always unique.
In § § 3 and 4 our result is applied to problems in spectral theory. According to the Weyl functional calculus [1] . Its carrier may be regarded as a joint spectrum of A, B. Although there is no unique minimal carrier in general for functionals of this type, Theorem 1 can be exploited to obtain information about the carriers in terms of the spectral properties of A and B. It turns out that the actual spectrum of A can be used tυ construct a carrier, if accuracy with respect to B is sacrificed.
Suppose now that A is bounded and B is self-adjoint. The Weyl calculus for the three self-ad joint operators Re A, ImA, and B gives a spectrum projecting onto the whole numerical range of A. However, in § 4 we construct a hybrid functional for A and B which is an analytic functional with respect to A. The motivating question is whether the carrier of this functional will still be the whole numerical range of A or whether the actual spectrum of A will reappear. Theorem 6 gives the transition between the two competing theories and offers no help in shrinking the carrier. But the examples of § 5 show that in some cases the actual spectrum of A does suffice as the carrier. We therefore resort to the following contour integral method.
Let C be a simple closed curve containing σ(A) (spectrum of A) in its interior. Then C also encloses σ(A + t~ιB) for 11 | greater than some constant k, and by the Riesz functional calculus [6] applied to the operator A + t~ιB, for \t\> k,
2m J c
If in addition
The double series in the integrand is absolutely and uniformly convergent on the domain zeC, max (k, k λ ) < \t\ < k 2 where k 2 is any constant. The contour integral can therefore be evaluated term-byterm. All terms having j < n are O(\ z |~2) for large z, and so by enlargement of the contour, they vanish. The remaining terms can therefore be rewritten as the sum
This power series expansion of the entire function exp (tA + B) is valid in the annular region given above, and consequently holds for all t.
Since exp (tA + B) has exponential growth rate, the Laplace transform of its power series expansion may be taken term-by-term. This fact is discussed fully in Widder's book on the Laplace transform [8] . Therefore
Next we note that^-
is absolutely and uniformly convergent when z e C, \ z/s | < I < 1, I being any constant less than one.
To reduce the double series to closed form, consider
If the series ^^oa q+p ql/(p + q)l is differentiated p times, we obtain a geometric series which converges to (1 -a)~\ By elementary means, therefore,
We now substitute a = z/s and b -zB(z -A)" 1 .
Since the integrand of the contour integral is holomorphic in the neighborhood of z = co ontside C, the Cauchy integral formula yields
Replacing u by s/u, we get Theorem 1: 
Proof. Suppose the contour integral of Theorem 1 is continued along two different arcs terminating at s. The difference between the values of s so obtained is, by homotopy arguments, an integral combination of the closed contour integrals
ds J cι
The result follows by power series expansion in s.
COROLLARY 3. The Laplace transform ^f{s, σ, A, B) of exp {tA+ ξB) is given by
for σ > 0, s > 0 sufficiently large.
Proof Replace B by ξB in the formula for ^f(s, A, B). The integration with respect to ξ is elementary. In order to gain further insight into this type of spectral distribution, we consider the slightly different case when iA l9 , iA n are assumed only to be the generators of contraction semigroups. This is equivalent to the condition that 
S(A)f -(2π)-*ι*[ (jTf)(ζ) exp (iξ Aflξ .
In one dimension, simple computation shows that This is just the Riesz calculus (see Ch. XI of [6] ), but in two dimensions we can similarly obtain the formula
where £f(s, σ) is holomorphic for s, σ outside C lf C 2 respectively, and J^f + = &~f for ξ ^ 0, J^Y + = 0 otherwise. Formula (3.4) defines a continuous linear functional on the space of entire functions in two complex variables, and the numerical range of A, B need not be restricted. Such functionals are discussed, for example, in Hormanders' book [5] . Such functionals are in one-to-one correspondence with entire functions of exponential growth, in our case exp(ίf A). In one dimension, there is a canonical representation of a functional similar to (3.2), but not in higher dimensions. If Ki denotes the compact set bounded by C i9 and K = K γ x K 2 , then
\\S(A, B)f\\ ^ c &wp s , σβ κ\ f(8, σ)\, so K is an example of a "carrier" of S(A, B).
In general, there is no unique minimal carrier of a functional in dimension greater than 1. Therefore, for φ(x) e .9*{R ι ),
3=0
In particular, Φ 3 is a tempered distribution on ^(R 1 ). Define Essentially, the Fourier transforms we need are
Since these formulae are rather hard exercises in contour integration, it is worth mentioning that the first is a corollary of the standard formula (see [4] ) in dimension 3:
where μ is the uniformly distributed measure on the unit sphere. Our formula follows from this equation by taking the partial Fourier transform with respect to two variables. In order to obtain Φ(z), we replace A by tA (i.e., replace ω by tω) and compute the Laplace transform. For the Laplace transforms of the Bessel functions see Watson [7] , p. 386. The result is:
In particular, Φ{z) can be analytically continued to the complement of the set {z\z -iω x x ± irτ/l -x 2 , -1 ^ x ^ 1} which is the ellipsoid parameterized by 0 ^ 0 ^ 27Γ, z = i^ cos Θ -\-ir sin # .
In the case when ω 2 /ω 3 is real, this ellipsoid is the boundary of the numerical range of iA f and Lemma 5 gives the actual domain of Φ(z). The other extreme is the case when ω ί = 0 and ω 2 jω 3 is imaginary. Then ω x = r = 0 and Φ(z) is singular only at z = 0, although the numerical range of %A is the nontrivial ellipsoid {z \ z = iω 2 cos 5 + iω 3 sin 0, 0 ^ (^ ^ 2ττ}. In the latter case, the singularities of Φ(z) coincide with the spectrum of JiA (i.e., z = 0), but the former case shows that the analytic continuation established for &(s, A, B) does not carry over to the hybrid functional ST (A, B) . This coefficient, like the others, has nonunique analytic continuation to all s^ ±1. The difference between two values is an integer times τrJ 0 (rτ/l -s 2 ). This result jis easily extended by analytic continuation to any 2x2 matrices A, B.
